Based on an exact solution of the pertinent boundary-value problem, a method is presented for finding the electromagnetic fields scattered or guided by lossy dielectric gratings having arbitrary profiles. This method unifies the treatment of both perpendicular (TE) and parallel (TM) polarizations by expressing the fields in terms of two coupled first-order differential equations. Their solution is obtained by resorting to difference equations in conjunction with the algorithm of Adams-Moulton, which easily leads to accurate results for a large variety of practical problems. To illustrate the application of this approach, quantitative results are presented for the scattering of plane waves by lossy corrugated structures and for the guiding of (leaky) surface waves by triangular gratings with symmetric or asymmetric profiles.
INTRODUCTION
The use of dielectric gratings in integrated-optics devices, in holography and in other optical applications has recently stimulated many investigations dealing with the nature and properties of the electromagnetic fields supported by open periodic structures. Because the boundary-value problem posed by the grating geometry is generally quite complicated, the subject of continuing studies. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] The purpose of this paper is to present an accurate procedure for finding the fields scattered by a plane wave incident on a dielectric grating having an arbitrary periodic profile. Alternatively, in the absence of an incident wave, the method presented here can be used to obtain the dispersion relation as well as the harmonic components of guided (surface and leaky) modes along such gratings. This method is based on an exact representation for the solution of the boundary-value problem, which serves to generalize results obtained by previous investigations.l38
Exact solutions of Maxwell's equations subject to the appropriate boundary conditions that apply to specific grating problems have been obtained for rectangular profiles by Peng et al. 6 and for triangular profiles by Marcuse. 7 In the case of arbitrary profiles, a first numerical solution was reported by Neureuther and Zaki.1 Subsequently, van den Berg 2 has derived a rigorous integral-equation approach suitable for numerical evaluations, which was later improved by Wirgin 9 and by Maystre.1 0 The necessity of using integral-equation methods was circumvented by who developed exact solutions that involve differential equations instead.
For parallel polarization (TM modes), their scheme involves 4 ' 5 two coupled first-order differential equations that lead to a pair of infinite systems of simultaneous equations, which are solved by applying a combination of the Runge-Kutta and Adams-Moulton algorithms to a suitably truncated set of these equations. For perpendicular polarization (TE modes), a single second-order differential equation is used instead 3 ' 5 ; this leads to an infinite system of simultaneous equations, which are then treated by means of Numerov's algorithm. For TE modes, a similar approach was used by Tremain and Mei 8 who have, however, applied the unimoment method to generate solutions for the corresponding simultaneous equations. For TM modes, Changl has found that an analogous second-order differential treatment is also possible, but it requires evaluating the inverse of several large-size matrices, which considerably reduces accuracy because of error accumulation. In yet another approach, Lee and Streifer1 2 have used an iteration procedure in conjunction with Lanczo's r method to solve numerically the second-order differential wave equation; however, their approach uses a perturbation (rather than exact) representation, and they did not consider the plane-wave scattering problem.
As presented below in Sec. I, our approach to the grating problem belongs to the class of boundary-value solutions already considered in the past 2 -1 2 and our formalism is closest to that of In contrast to their work, the formalism developed by us treats TE and TM modes in a unified form, and it includes the case of grating profiles with straight horizontal portions, which was mentioned by Neviere et al. 5 but specifically excluded from their treatment of the TM-mode problem. However, the presence of such straight portions is important because they occur in gratings having rectangular or trapezoidal profiles, which are typical of many applications. At the horizontal boundaries of these gratings, the normal electric field component exhibits a discontinuity which must be properly accommodated in the formal solution.
By utilizing terms that account for such possible discontinuities, our formalism applies to truly arbitrary grating profiles and it thus generalizes the solutions of Neviere et al. Fur- thermore, our unified treatment of TE and TM modes employs fewer algorithms in the development of numerical results. These are discussed specifically in Sec. II, which presents a procedure for obtaining highly accurate numerical solutions of either the scattering or the guiding problems posed by grating configurations.
The numerical results obtained via our procedure are discussed in Sec. III, and some of the finer considerations concerning the computational aspects are treated in Sec. IV.
While we also demonstrate in Sec. III the application of the present approach to problems involving plane-wave scattering by lossy corrugated gratings and surface-wave guiding by triangular gratings, this approach has already been instrumental in confirming the blazing properties of gratings with properly shaped asymmetric trapezoidal profiles.1 3 We therefore expect that the method discussed here may play an important role in obtaining other interesting results in the future.
FORMULATION OF THE SCATTERING

PROBLEM
To discuss a large variety of possible situations, we consider the rather general configuration of a dielectric grating as shown in Fig. 1 . This geometry describes a wide variety of integrated-optics configurations, which consist of five separate regions, namely: a superstrate (usually air), a periodic (grating) layer of thickness tg, a residual layer of thickness trG a waveguiding film of thickness tf, and a substrate. These regions will be designated by indices a, g, r, f, and s, respectively; their materials may be either lossy or lossless, so that the dielectric constants ea, Er, ef, and es are generally assumed to be complex. It should be noted that the geometry considered here contains a larger number of regions and therefore is more general than the structures studied by other investigators. Thus while the grating is shown adjacent to the upper (air) region, gratings deposited on top of the substrate can also be handled by the present formulation by simply interchanging the indices a and r with s and /, respectively. More importantly, however, our analysis also applies to grating profiles with straight horizontal portions, one example of which is shown in Fig. 1(b) . Thus trapezoidal gratings and rectangular gratings (with d 2 = 0 and do = di) are included as special cases in all of the following derivations.
To find the field scattered by the grating structure, an electromagnetic plane wave of unit amplitude is assumed incident onto the grating at an angle 0 with respect to the z axis.
Incidence occurs along the xz plane, so that the problem is two-dimensional, with b/by -0. With a time dependence of the form exp(-iwt) being implied, the electric (E) or magnetic (H) component of the incident field is then given by
where F = E = Ey (with E. = Hy = Ez = 0) or F = H = Hy (with Hx E, = Hz = 0), for perpendicular (TE) or parallel (TM) polarizations, respectively. In all of the regions characterized by uniform layers, i.e., for z Ž t, and z < 0, the refractive index is uniform, so that the field can be expressed by
where the summations are assumed to be carried out over all n = 0, + 1, + 2, ... , and the longitudinal wave numbers (Floquet harmonic coefficients) are given by
Here ko = 27r/X, with X being the wavelength in vacuum, and the index u = a, r, f, or s designates the respective region. In each of these regions, the transverse wave numbers are given by
where, assuming that Eu is complex, the sign is chosen so that the imaginary part of k ln) is positive. However, for the guided waves discussed in Sec. II, a different choice is often required. 1 4 Inside the grating region (0 < z < tg), the refractive index is nonuniform and varies periodically, so that the field may be expressed therein as
while the grating permittivity can be written in terms of the Fourier series
For future use, it is convenient to write a Fourier expansion also for the inverse permittivity, namely,
Owing to the step variation of E, (z) with z, it is easy to verify that 4n (Z) can be readily obtained from En (z) by interchanging E,, and Er with lIE, and 1/Er, respectively.
The field components FP'O must be continuous at z = tg,,0,
-tr, and -(tr + tj). In addition, the normal derivative dF(")/dz for TE and (1E,,) dF(")/dz for TM must also be continuous at those boundaries, where now u is extended also to include the grating region (a = g). Introducing these boundary conditions in (2) thru (10) Bn', At', and Dn leads to a relation between fn(0) and
By introducing a column matrix f(z) whose elements are fn (z), the boundary conditions for the grating layer, can be characterized by
Here o is a null column vector and L(°) is a diagonal matrix with elements
where '3mn is Kronecker's delta function and
e -e 2 kzf))rjn + (kzn + e 2 kz1f)) exp(2iJzf4)tr)
One can verify that rrn is a voltage (current) reflection coefficient for TE (TM) polarization, which is evaluated by looking down at z = -tr, but referred to z = 0. Similarly, rfn is a voltage (current) reflection coefficient looking down at z = -(tr + tf) and referred to z = 0. The two polarizations are distinguished by the coefficients
The polarization is also evidenced by the matrix T(0) in (11), which is defined for all 0 < z < tg via T(z) having ele-
The last expression indicates that the TE result is simple because then T(0) is the identity matrix, while the result for TM polarization is more complicated because T(0) is generally more complex. For smooth grating profiles such as those studied by Neviere et al 4'5tnm(Z) is a constant equal to (1/Er) 6 mn at z = 0 and (1/Ea)6,mn at z = tg, so that T(0) and T(tg) are identity matrices multiplied by a constant. However, for gratings involving horizontal portions at z = 0 or tg as shown in Fig. 1(b) , the matrices T(0) and T(tg) are generally nondiagonal. Thus the use of the matrix T(z) facilitates the treatment of grating profiles that cannot be readily accommodated by the formalism of Neviere et al. 4 ' 5 for TM modes.
In the same manner as for (11), we now specialize to the boundary conditon at z = tg (see Appendix), which is characterized by (19) where T(tg) has been defined via (18), L(g) is a diagonal matrix with elements
while u is the unit column vector with elements
Because f(z) characterizes the field component along the y direction, we may introduce (8) into the Maxwell's equations to obtain
dz where g(z) is a column vector with elements gn (Z) , which are defined in a manner analogous to (8) by
Here G (g) denotes either the magnetic Hx or the electric E. field components inside the grating, for TE or TM polarizations, respectively, while P(z) and Q(z) are square matrices with elements
where AO and Ec are the permeability and permittivity of vacuum, respectively.
The problem of finding the scattered fields can be addressed by solving the differential equations (22) and (23), subject to the boundary conditions (11) and (19) , where it is now assumed that all On and k (U) are known via the incident field in
(1) and relations (6) and (7). For solving the alternative problem of guided waves supported by the grating structure, it is assumed that the incident field is absent, so that Fi = 0 in (1) . In that case, (11), (19) , (22), and (23) establish a (secular, dispersion) condition or relation for (generally complex) wave numbers that characterize those guided waves.
A simple procedure involving only matrix additions and multiplications is described in Sec. II, which derives results for both the scattering and the guiding problems by using rapid and very accurate numerical methods.
II. SOLUTIONS OF THE SCATTERING AND GUIDING PROBLEMS
In order to carry out the numerical solution of (22) and (23) 
which, together with boundary condition (11), determine the four values of f(z) and g(z) at z = 0, h, 2h, and 3h in terms of f (0) To simplify notation, we shall abbreviate henceforth f(jh) and g(ih) to f(j) and g(j), respectively, for all j = 0,1,2,.. . v.
For j = 0, 1, 2, and 3, relations (27) and (28) can be used to define matrices M/) and M(5), which are given by
The Adams-Moulton method extends the definitions (29) and (30) to the remaining j = 4,5,. . . v by using the predictor formulas:
In addition, the above predictor formulas can be corrected by iteratively using the following corrector formulas:
where Mj (with bar) refers to the new (corrected) value ob-tained by using the previous values of Mj-, Mj, etc., (without bars). By using (29) and (30), the boundary conditions (19) at z = tg can be written as
where M is analogous to the matrix given by Neviere et al. 3 in their equation (10), but now this matrix is generalized to both TE and TM modes by
Thus f(0) is obtained as the solution of a system of linear equations (35). Once f(0) is known, f(tg) can be found from
By recalling that coefficients A', B , C,,, Dn are linear combinations of f(0) and f(tg), the knowledge of f(0) and f(tg) enables us to find the scattered field everywhere if the incident field is given as in (1).
The foregoing formulation will therefore yield answers for the field scattered by the grating if a plane wave is incident. Waves guided by the grating structure are found by assuming that there is no incident wave, i.e., u in (35) is substituted by o, so that nonzero fields can exist only if
where I M I denotes the determinant of M. The roots of (38) for waves propagating as exp(i-ynx) can be found by the well-known Muller's method, which yields the eigenvalue -yo, with,
where a = 0 for surface waves along lossless structures, or a 5 0 for leaky waves in either lossless or lossy structures. Note that On in (39) complies with (6) except that flo is not given by koN/v'sinO because now f0 is prescribed by the eigenvalue relation (38) rather than by an incident field such as given by (1) . Also, the sign of all k]a) and k () must be carefully chosen 14 in order to identify properly the specific eigenvalue -yo under consideration.
Of course, the numerical evaluation of the infinite matrices L(), L(g), M, etc., is carried out by appropriately truncating them. In general, if a total number of/ .space harmonics must be accounted for, the truncation produces finite matrices of size ,u X ,u, as further discussed in Sec. IV.
RESULTS FOR TYPICAL SCATTERING AND GUIDING PROBLEMS
To illustrate the effectiveness and flexibility of the method described above, we compare in this section numerical results computed by us with those available in the literature. In addition, we present quantitative results for novel interesting effects of wave scattering by and guiding along dielectric gratings.
Results for scattering of plane waves are given in graphical form by Tremain Figs. 8 and 10 of the former, and Fig. 6 of the latter investigators. Our results agreed perfectly with those curves to the accuracy that can be discerned on the graphs. However, all of these results relate to TE modes only.
We have therefore also compared, as shown in Table I, numerical results for scattering by a sinusoidal grating with those obtained by van den Berg. 2 As seen in that table, the agreement is excellent for low grating heights (tg = 0.005 X) and very good for higher grating heights (tg = 0.5 X). However, in the latter case, our results yield a total scattered energy that is closer to unity than that obtained by van den Berg's results. Because the total incident energy is taken as unity and no losses are assumed, this indicates that our results are closer to the exact solution.
For guided-wave problems, we have calculated the leakywave propagation factor yo of (39) for the case discussed by Neviere et al. 4 in their Fig. 3 . As Neviere et al. kindly sup- plied us with their calculated data,1 7 we present in Table II a comparison between their results and ours. It is evident that the agreement ranges between very good to excellent, the largest difference between the two sets of results being less than 3.5%. This difference is most likely due to the fact that Neviere's results used M = 9 space harmonics whereas our results were obtained with g = 7 only. We have, in fact, verified for several specific cases that the difference between the two sets of data are much smaller if we increase the number of harmonics. However, the accuracy required for the practical applications under consideration did not justify the larger amount of computer time, so that we have left yu = 7 for the entire run of data given in Table II. Another comparison for guided-wave problems has been carried out with the solution for rectangular gratings reported by Peng et al. 6 who used a rigorous eigenvalue representation of the electromagnetic fields in all of the regions, including the grating. As shown in Table III , the results obtained by both methods agree very well for both TE and TM modes. The numerical differences between the two sets of results are generally smaller than 8%. While it is difficult to clarify which method yields the more accurate results, we have ascertained that these differences are due to errors produced by truncating the infinite matrices involved in both cases to 5 X 5 matrices, i.e., g = 5 was used in both sets of data. For this truncation, we therefore estimate that either of the two methods is accurate to within about +5%. The question of truncation accuracy is further discussed in Sec. IV.
After thus verifying the reliability of our method, we have applied it to calculate a number of situations involving lossy dielectric gratings. As an example, we show in Fig. 2 the amplitudes of waves scattered by a lossy corrugated dielectric grating placed on a perfectly conducting metal. The dimensions are such that only the zero-order (specular reflection) harmonic propagates. We note that strong absorption of the incident energy occurs for a range of loss factors happening at bf = 0.02595. This represents an anomalous behavior that was observed on (low-loss) metallic gratings18 "1 9 and has recently been predicted by us also to occur in lossy multilayered or periodic dielectric structures. Another interesting set of examples is shown by Figs. 3-6 , which describe the principal characteristics of guided waves that are supported by triangular gratings and radiate (leak) energy as they progress longitudinally along the grating. In TABLE I. Comparison of results for scattering by a sinusoidal interface, as described by Fig. 1 with ca = 1 , Er = Ef = = 4, = 450, and d/X = 1. Here PI) refers to power of propagating harmonics in air (u = a) or dielectric (u = s) while Pdenotes the total scattered power. 
Perpendicular (TE) polarization
IV. COMPUTATIONAL CONSIDERATIONS
In carrying out the numerical work, all the infinite matrices LO, L(g), P, Q, etc., must be truncated to finite ones. Gen- Comparison of results for guiding by a rectangular grating, as described by Fig. 1 with Ea = 1, Er = Ef = 3, Es = of the rectangular corrugation (along x) is di = d/2 and tr = 0. erally, it is appropriate to choose the number of space harmonics such that all propagating orders (in all layers) are accounted for, but this truncation need not be unduly large to achieve an accuracy consistent with practical requirements. In our calculations, the measure for accuracy has been determined by comparing results obtained by using truncated matrices with y harmonics with those obtained by using A + 2 harmonics. This not only indicates if the process converges, but also yields a measure of the possible error for the amplitudes of all scattered fields. While this criterion was used for both scattering and guiding problems, the former situation was estimated by using an additional factor. As suggested in Table I , the total normalized power summed over all scattered waves must sum up to unity. The departure of our computed result from unity was also taken as a measure of the accuracy obtained.
In order to obtain convergence and good accuracy it is also evident that the step size h must be chosen sufficiently small. For situations similar to those shown in Figs. 2-6, v = 10-40 along with vl = 5-10 were sufficient to obtain great accuracy, where the larger numbers were needed in the case of the deeper grooves. For guided-wave calculations, our experience has indicated that results are not too sensitive with respect to the step size h, so that, after choosing a suitable number of space harmonics, good accuracy can be obtained even for deep grooves (tg 2 X) if P = 15-20. However, for scattering problems (and especially for TM polarization) h must be generally chosen smaller to obtain convergence and good accuracy.
In the above discussion, we have assumed only one application of corrector formulas (33) and (34). In order to save computer time, it may be more effective to choose smaller values of v and to apply the corrector formulas iteratively for 2-3 times. This procedure results in faster convergence and good accuracy, coupled with saving of computer time.
However, it should be noted that to avoid round-off error problems, double precision had to be used in all of our computations, which were carried out on an IBM 360/65 computer. ature has shown very good agreement with other methods.
We have also found that accurate results can be rapidly obtained even for groove depths as large as one or two wavelengths. While larger groove depths have not been examined, we expect that the procedure described here should be easily applicable to most materials and dimensions that characterize dielectric gratings being used In current practice.
